We provide a new and elementary proof for the structure of geodesics in the Heisenberg group H n . The proof is based on a new isoperimetric inequality for closed curves in R n . We also prove that the Carnot-Carathéodory metric is real analytic away from the center of the group.
Introduction
The aim of this paper is to provide a detailed and a self-contained presentation of the structure of geodesics in the Heisenberg groups. While the paper is mostly of expository character, some results are new. The new results are: the isoperimetric inequality for closed curves in R n (Theorem 2.4), a new proof of the structure of the geodesics in the Heisenberg group (Theorem 2.1), and the real analyticity of the Carnot-Carathéodory metric away from the center of the group (Theorem 3.1). The proof of the isoperimetric inequality (Theorem 2.4) is based on an elementary adaptation of the classical proof of the isoperimetric inequality due to Hurwitz. This new isoperimetric inequality is then used to establish the structure of geodesics in H n . The proof of the real analyticity of the Carnot-Carathéodory metric follows from the explicit formulas for the geodesics in H n established in Theorem 2.1. We believe that, because of the increasing popularity of the geometric theory of the Heisenberg groups among young researchers and graduate students, such a survey paper will be useful.
The Heisenberg group H n is C n × R = R n+ given the structure of a Lie group with multiplication (z, t) * (z , t ) = z + z , t + t + Im n j= z j z j = x + x , . . . , xn + x n , y + y , . . . , yn + y n , t + t + n j= (x j y j − x j y j )
with Lie algebra g whose basis of left invariant vector elds at any p = (x , . . . , xn , y , . . . , yn , t) ∈ H n is
We call HH n = span{X , . . . , Xn , Y , . . . , Yn} the horizontal distribution on H n , and denote by HpH n the horizontal space at p. An absolutely continuous curve Γ : [ , S] → R n+ is said to be horizontal ifΓ(s) ∈ H Γ(s) H n for almost every s ∈ [ , S]. It is easy to see that the horizontal distribution is the kernel of the standard contact form α = dt + n j= (x j dy j − y j dx j ).
That is, HpH n = ker α(p). Hence it follows that an absolutely continuous curve Γ = (x , . . . , xn , y , . . . , yn , t) is horizontal if and only ifṫ(s) = n j= (ẋ j (s)y j (s) − x j (s)ẏ j (s)) for almost every s ∈ [ , S]. This means that t(s) − t( ) = n j= ˆs (ẋ j (τ)y j (τ) − x j (τ)ẏ j (τ)) dτ (1.1)
for every s ∈ [ , S]. Suppose γ = (x , . . . , xn , y , . . . , yn) : [ , S] → R n is absolutely continuous. If a value for t( ) is xed, then (1.1) gives a unique horizontal curve Γ = (γ(s), t(s)) whose projection onto the rst n coordinates equals γ. We call this curve Γ a horizontal lift of γ.
If the curve γ : [ , S] → R n is closed and Γ = (γ, t) is a horizontal lift of γ, then it follows from Green's Theorem that the total change in height t(S)− t( ) equals − times the sum of the signed areas enclosed by the projections γ j of the curve to each x j y j -plane. Since the curves in the x j y j -planes may have self-intersections, the signed area has to take multiplicity of the components of the complement of γ j into account. This multiplicity can be de ned in terms of the winding number. We will not provide more details here as this interpretation of the change of the height will not play any role in our argument, and it is mentioned here only to give an additional vantage point to the geometry of the problem.
We equip the horizontal distribution HH n with the left invariant Riemannian metric so that the vector elds X j and Y j are orthonormal at every point p ∈ H n . Note that this metric is only de ned on HH n and not 
The Carnot-Carathéodory metric dcc in H n is de ned as the in mum of lengths H (Γ) of horizontal curves connecting two given points. It is well known that any two points can be connected by a horizontal curve (we will actually prove it), and hence dcc is a true metric. It follows from (1.2) that for any compact set K ⊂ R n+ there is a constant C = C(K) such that
] → X is a (continuous) curve in any metric space (X, d), then the length of Γ is de ned by
where the supremum is taken over all n ∈ N and all partitions a = s ≤ s ≤ . . . ≤ sn = b. In particular, if Γ : [a, b] → H n is a curve in the Heisenberg group, then its length with respect to the Carnot-Carathéodory metric is Thus, up to a reparametrization, the class of recti able curves coincides with the class of horizontal ones. Proposition 1.1 is well known, but it is di cult to nd a good reference that would provide a straightforward proof. For the sake of completeness, we decided to provide a proof of this result in the Appendix. For a proof of (1) in more generality, see Theorem 1.3.5 in [12] .
A geodesic from p to q is a curve of shortest length between the two points. It is already well known that any two points in the Heisenberg group can be connected by a geodesic. Also, the structure of every geodesic in a form of an explicit parameterization is known. The proofs in the case of H can be found in [2, 5, 7, 11] , and the general case of H n is treated in [1, 3, 13] .
If n = , the structure of geodesics can be obtained via the two dimensional isoperimetric inequality (see [2, 5, 11] ). Consider a horizontal curve Γ = (γ, t) in H connecting the origin to some point q = ( , , T) with T ≠ . The length of Γ equals the length of its projection γ to R (which is a closed curve). Also, by (1.1), the change T in the height of Γ must equal − times the signed area enclosed by γ. Thus the projection of any horizontal curve connecting to q must enclose the same area |T|/ , and nding a geodesic which connects to q reduces to a problem of nding a shortest closed curve γ enclosing a xed area. Thus the classical isoperimetric inequality implies that Γ will have smallest length when γ is a circle. Then the t component of Γ is determined by (1.1) and one obtains an explicit parametrization of the geodesics in H connecting the origin to a point on the t-axis. Such geodesics pass through all points (x , y , t ), t ≠ in H . If q = (x , y , ), then it is easy to see that the segment q connecting the origin to q is a geodesic. This describes all geodesics connecting the origin to any other point in H . Due to the left-invariance of the vector elds X and Y, parameterizations for geodesics between arbitrary points in H may be found by left multiplication of the geodesics discussed above.
This elegant argument, however, does not apply to H n when n > and known proofs of the structure of geodesics in H n are based on the Pontryagin maximum principle [1, 3, 13] . In this paper we will provide a straightforward and elementary argument leading to an explicit parameterization of geodesics in H n (Theorem 2.1). Our argument is based on Hurwitz's proof [9] , of the isoperimetric inequality in R involving Fourier series. The Hurwitz argument is used to prove a version of the isoperimetric inequality for closed curves in As an application of our method we also prove that the Carnot-Carathéodory metric is real analytic away from the center of the group (Theorem 3.1). This improves a result of Monti [12, 13] who proved that this distance is C ∞ smooth away from the center. We also nd a formula for the Carnot-Carathéodory distance (Corollary 3.2) that, we hope, will nd application in the study of geometric properties of the Heisenberg groups.
The paper is organized as follows. In Section 2 we will state and prove the isoperimetric inequality and the result about the structure of the geodesics in H n , and in Section 3 we use this structure to show that the distance function in H n is analytic away from the center. In Section 4 we address the problem of comparing di erent geodesics (there are in nitely many of them) connecting the origin to a point ( , , T) ∈ H n on the t-axis. Finally, in the Appendix we prove Proposition 1.1.
The isoperimetric inequality and the structure of geodesics
Any horizontal curve Γ is recti able, and we may use the arc-length parametrization to assume that the speed |Γ| H of Γ : [ , H (Γ)] → H n equals . Then, we can reparametrize it as a curve of constant speed de ned on [ , ] , and hence we can assume that Γ : [ , ] → H n satis es
On the other hand any recti able curve in H n can be reparametrized as a horizontal curve via the arc length parameterization (Proposition 1.1), and thus, when looking for length minimizing curves (geodesics), it sufces to restrict our attention to horizontal curves Γ : [ , ] → H n satisfying (2.1).
Since the left translation in H n is an isometry, it su ces to investigate geodesics connecting the origin ∈ H n to another point in H n . Indeed, if Γ is a geodesic connecting to p − * q, then p * Γ is a geodesic connecting p to q.
If q belongs to the subspace R n × { } ⊂ R n+ = H n , then it is easy to check that the straight line Γ(s) = sq, s ∈ [ , ] is a unique geodesic (up to a reparametrization) connecting to q. Indeed, it is easy to check that Γ is horizontal, and its length cc(Γ) = H (Γ) equals the Euclidean length | q| of the segment q because Γ is equal to its projection γ. For any other horizontal curveΓ = (γ,t) connecting to q, the projectioñ γ on R n would not be a segment (since horizontal lifts of curves are unique up to vertical shifts), and hence we would have cc(Γ) = H (Γ) = E (γ) > | q| = cc(Γ) which proves thatΓ cannot be a geodesic.
In Theorem 2.1, we will describe the structure of geodesics in H n connecting the origin to a point ( , , T) ∈ R n × R = H n , T ≠ , lying on the t-axis. Later we will see (Corollary 2.7) that these curves describe all geodesics in H n connecting to q ∉ R n × { }. The geodesics connecting to q ∈ R n × { } have been described above. Clearly this must be the case, because Γ connects the origin to ( , , T). Any collection of circles in the x j y jplanes passing through the origin and having radii r j ≥ are projections of a geodesic connecting the origin to the point ( , , T) where T = π n j= r j . In particular we can nd a geodesic for which only one projection is a nontrivial circle (all other radii are zero) and another geodesic for which all projections are non-trivial circles. That suggests that the geodesics connecting ( , , ) to ( , , T) may have many di erent shapes. This is, however, an incorrect intuition. As we will see in Section 4, all such geodesics are obtained from one through a rotation of R n+ about the t-axis. This rotation is also an isometric mapping of H n . The above reasoning applies also to the case when Γ( ) = ( , , −T) with the only di erence being that the circles are positively oriented.
Remark 2.3. The parametric equations for the geodesics can be nicely expressed with the help of complex numbers, see (2.15 ).
The proof is based on the following version of the isoperimetric inequality which is of independent interest.
In the theorem below we use identi cation of R n with C n given by
Every recti able curve γ admits the arc-length parametrization. By rescaling it, we may assume that γ is a constant speed curve de ned on [ , ] . That is, the curves γ j = (x j , y j ) are circles of radius A j + B j passing through (C j , D j ) at s = . In the case of (2.4) they are all positively oriented and in the case of (2.5) they are all negatively oriented. In either case, they are parametrized with constant angular speed.
Remark 2.6. If we have two di erent circles of the form (2.4) having the same radius, then one can be mapped onto the other one by a composition of translations and a unitary map of C n . See the proof of Proposition 4.1.
The same comment applies to circles of the form (2.5).
Proof . Let γ = (x , . . . , xn , y , . . . , yn) : [ , ] → R n be a closed recti able curve. By translating the curve, we may assume without loss of generality that γ( ) = . It su ces to prove (2.3) along with equations (2.6) and (2.7) (with C = D = ) which are, as was pointed out in Remark 2.5, equivalent to (2.4) and (2.5). Since the curve has constant speed, its speed equals the length of the curve, so In particular the functions x j and y j are L-Lipschitz continuous and x j ( ) = y j ( ) = x j ( ) = y j ( ) = . Hence the functions x j , y j extend to -periodic Lipschitz functions on R, and so we can use Fourier series to investigate them. We will follow notation used in [6] . Sinceẋ j andẏ j are real valued, we haveẋ j (s) =ẋ j (s) andẏ j (s) =ẏ j (s). Thus we may apply Parseval's theorem to this pair of inner products to nd The last equality follows from the identity |a + ib| = |a| − Im(āb) + |b| which holds for all a, b ∈ C. Since every term in this last sum is non-negative, it follows that L π − D π ≥ . Thus, we have L ≥ πD. Reversing the orientation of the curve, i.e. applying the above argument toγ(t) = γ( − t) gives L ≥ − πD, so (2.3) follows.
Equality in (2.3) holds if and only if either L = πD or L = − πD. We will rst consider the case L = πD. This equality will occur if and only if each of the two sums contained inside the brackets in (2.10) equals zero. Since k − |k| > for |k| ≥ , the rst of the two sums vanishes if and only ifx j (k) =ŷ j (k) = for every |k| ≥ and j = , , . . . , n. Hence nontrivial terms in the second sum correspond to k = ± , and thus this sum vanishes if and only ifŷ j (± ) = −i sgn(± )x j (± ). That is, for every j = , . . . , n, y j ( ) = −ix j ( ) andŷ j (− ) = ix j (− ). (2.12)
In particular, = x j ( ) =x j (− ) +x j ( ) +x j ( ) and hencex j ( ) = −x j (− ) −x j ( ) for each j = , . . . , n. This together with Euler's formula gives
The last equality follows from (2.11) . Similarly, we have y j (s) = −(ŷ j (− ) +ŷ j ( ))( − cos( πs)) + (x j (− ) +x j ( )) sin( πs).
If we write A j = −(x j (− ) +x j ( )) and B j = −(ŷ j (− ) +ŷ j ( )), then we have Note that it follows directly from the de nition of Fourier coe cients that the numbers A j , B j are real. The case L = − πD is reduced to the above case by reversing the orientation of γ as previously described. In that case the curves γ j are given by x j (s) = A j ( − cos( πs)) − B j sin( πs) y j (s) = B j ( − cos( πs)) + A j sin( πs).
(2.14)
We proved that if L = πD, then γ is of the form (2.6) and if L = − πD, then it is of the form (2.7). In the other direction, a straightforward calculation shows that any curve of the form (2.6) satis es L = πD and any curve of the form (2.7) satis es L = − πD. This completes the proof. The formula for the t component of Γ follows from (1.1); the integral is easy to compute due to numerous cancellations.
Using the complex notation as in Theorem 2.4, the geodesics from Theorem 2.1 connecting the origin to ( , , ±T), T > can be represented as Proof. Let q = (c , . . . , cn , d , . . . , dn , h) be such that h ≠ and c j , d j are not all zero. We can write q = (c + id, h) ∈ C n × R. First we will construct a geodesic Γq given by (2.15) so that Γq(s ) = q for some s ∈ ( , ). Clearly, the curve Γq [ ,s ] will be part of a geodesic connecting the origin to a point on the t-axis. Then we will prove that this curve is a unique geodesic (up to a reparametrization) connecting the origin to q. Assume that h > (the case h < is similar). We will nd a geodesic passing through q that connects ( , , ) to ( , , T), for some T > . (If h < we nd Γ that connects ( , , ) to ( , , −T).) It su ces to show that there is a point A + iB ∈ C n such that the system of equations This equation has a unique solution s ∈ ( , ) because the function on the left hand side is an increasing di eomorphism of ( , ) onto ( , ∞). We proved that, among geodesics connecting ( , , ) to points ( , , T), T > , there is a unique geodesic Γq passing through q. Suppose now thatΓ is any geodesic connecting ( , , ) to q. GluingΓ with Γq [s , ] we obtain a geodesic connecting ( , , ) to ( , , T) and hence (perhaps after a reparametrization) it must coincide with Γq. This proves uniqueness of the geodesic Γq [ ,s ] .
We will now use the proof of Corollary 2.7 to nd a formula for the Carnot-Carathéodory distance between and q = (z, h), z ≠ , h > . We will need this formula in the next section. Let
be the di eomorphism of ( , ) onto ( , ∞) described in (2.17). Let
be the geodesic from the proof of Corollary 2.7 that passes through q at s ∈ ( , ). We proved that s is a solution to (2.17) and hence s is a function of q given by s (q) = H − (h|z| − ).
Note that A + iB = z/( − e − πis ), so 
Analyticity of the Carnot-Carathéodory metric
The center of the Heisenberg group H n is Z = {(z, h) ∈ H n | z = }. It is well known that the distance function in H n is C ∞ smooth away from the center [12, 13] , but through the use of (2.2), we will now see that this distance function is actually real analytic.
Theorem 3.1. The Carnot-Carathéodory distance dcc : R n+ × R n+ → R is real analytic on the set
Proof. In the proof we will make a frequent use of a well known fact that a composition of real analytic functions is analytic, [10, Proposition 2.2.8]. It su ces to prove that the function d (p) = dcc( , p) is real analytic on H n \ Z. Indeed, w(p, q) = q − * p is real analytic as it is a polynomial. Also, dcc(p, q) = (d • w)(p, q), so real analyticity of d on H n \ Z will imply that dcc is real analytic on
Here, we divided by a common factor of ( πs) in the two power series on the right hand side. That is, the denominator equals ( −cos( πs))( πs) − which does not vanish on (− , ). This implies that H is real analytic on (− , ). Indeed, considering s as a complex variable, we see that H(s) is holomorphic (and hence analytic) in an open set containing (− , ) as a ratio of two holomorphic functions with non-vanishing denominator.
As we pointed out in (2.18), the function H is an increasing di eomorphism of ( , ) onto ( , ∞). Since it is odd and H ( ) = π/ ≠ , H is a real analytic di eomorphism of (− , ) onto R. Again, using a holomorphic function argument we see that H − : R → (− , ) is a real analytic.
The function z → |z| − is analytic on R n \ { } (as a composition of a polynomial z → |z| and an analytic function /x), so the function (z, h) → h|z| − is analytic in H n \ Z. Hence also s (q) = H − (h|z| − ) is analytic on H n \ Z.
Fix q = (z, h) ∈ H n \ Z with h > . Then by (2.19)
Since H(s ) = h|z| − , formula (3.1) yields πs = ( − cos( πs ))h|z| − + sin( πs ).
Substituting πs in the numerator of the right hand side of (3. In the case h = , Γ is a straight line in R n from the origin to q, and so d (q) = |z|. Therefore d (q) = h sin(πs (q))|z| − + |z| cos(πs (q)) = h sin(πH − (h|z| − ))|z| − + |z| cos(πH − (h|z| − )) for every q = (z, h) ∈ H n \ Z, and so d is analytic on H n \ Z.
We also proved 
Classi cation of non-unique geodesics
Any point ( , , ±T), T > on the t axis can be connected to the origin by in nitely many geodesics. The purpose of this section is to show that all such geodesics are actually obtained from one geodesic by a linear mapping which xes the t-axis. This map is an isometry of H n and also an isometry of R n+ . Proof. Consider geodesics Γ = (γ , t) and Γ = (γ , t) de ned in the statement of the proposition. As in the discussion before Corollary 2.7, we consider γ and γ as functions into C n rather than into R n and write
where π|A + iB| = π|C + iD| = T. We claim that there is a unitary matrix U ∈ U(n, C) such that U(A + iB) = C + iD. Indeed, for any ≠ z ∈ C n , use the Gram-Schmidt process to extend {z/|z|} to an orthonormal basis of C n and de ne Wz to be the matrix whose columns are these basis vectors. Here, we consider orthogonality with respect to the standard Hermitian inner product u, v C = n j= u j v j . Then Wz ∈ U(n, C) and Wz e = z/|z| where {e , . . . , en} is the standard basis of C n . Thus the desired operator is
for every s ∈ [ , ] and since V xes the t-component of C n × R, we have V • Γ = Γ . We now prove that V is an isometry on H n . Indeed, suppose p, q ∈ H n and Γ = (γ, t) : [ , ] → H n is a geodesic connecting them. Then V • Γ = (U • γ, t). Since Γ is horizontal, it is easy to check thatṫ(s) = Im γ(s),γ(s) C for almost every s ∈ [ , ]. Unitary operators preserve the standard inner product on C n , and soṫ
Thus dcc(Vp, Vq) ≤ H (Γ) = dcc(p, q). Since U is invertible and U − ∈ U(n, C), we may argue similarly to show that dcc(p, q) = dcc(V − Vp, V − Vq) ≤ dcc(Vp, Vq), and so V is an isometry on H n . Clearly unitary transformations of C n are also orientation preserving isometries of R n and hence V is a rotation of R n+ about the t-axis.
larger class of curves. It is a well known fact in Riemannian geometry that for an absolutely continuous curve α : (2) If Γ : [a, b] → H n is Lipschitz, then by (1.4) it is also Lipschitz with respect to the Euclidean metric in R n+ . Thus it is absolutely continuous and di erentiable a.e. It remains to show thatΓ(s) ∈ H Γ(s) H n a.e. We will actually show that this is true whenever Γ is di erentiable at s. Suppose Γ is di erentiable at a point s ∈ (a, b) and let i ∈ N be such that s + −i ≤ b. Then dcc(Γ(s + −i ), Γ(s)) ≤ L −i for some L > and all i ≥ i . By the de nition of the Carnot-Carathéodory metric on H n , there is some horizontal curve η i : [ , −i ] → H n which connects Γ(s) to Γ(s + −i ) whose length approximates the distance between them. That is, we can choose a horizontal curve η i = (x i , y i , t i ) so that η i ( ) = Γ(s), η i ( −i ) = Γ(s + −i ) and H (η i ) < L −i . After a reparameterization, we may assume that η i has constant speed |η i | H < L on [ , −i ]. Since η i is horizontal, we can writė 
Here E (η i ) stands for the Euclidean length of η i . Observe also that the functionsẋ i j andẏ i j are bounded almost everywhere by the speed |η i | H which is less than L. This and the continuity of the vector elds X j , Y j immediately imply that the sums (A.1) and (A.2) converge to zero as i → ∞. Also, by again using the uniform boundedness of the functionsẋ i j andẏ i j , we conclude that for some subsequence and all j = , , . . . , n the averages i´ −i ẋ i j and i´ −i ẏ i j converge to some constants a j and b j respectively. Denote such a subsequence by i k . Therefore, sinceΓ(s) exists we havė This proves (2) . Finally (3) follows from a general fact that a recti able curve in any metric space admits an arc-length parametrization with respect to which the curve is -Lipschitz, see e.g. [4, Proposition 2.5.9], [8, Theorem 3.2] .
